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Abstract
Heterogeneous catalysis is of outermost significance in many fields of gas conversion and processing in chemical in-
dustries. Accurate modeling of intra-particle heat and mass transport is a prerequisite for the design of many industrial
processes and the interpretation of experiments. In recent literature, deviations are noticed between simulation results
of mole and mass formulated pellet model equations. Further investigations are thus required to reveal the reason for
this deviation. In this study, a survey is given discussing the diﬀerent assumptions commonly adopted within the pellet
modeling framework. The modeling framework outlined both on mass and molar basis may provide as a basis for further
investigations on model simulation comparisons of mole and mass based pellet equations.
c© 2012 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the organizing committee of
2nd Trondheim Gas Technology Conference.
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1. Introduction
Heterogeneous catalysis is of paramount importance in chemical industries. Mathematical modeling of
intra-particle mass and heat transport in porous pellets has been widely investigated by numerous researchers
because intra-particle diﬀusional limitations often play an important role in design of chemical reactors.
Among the molar-, mass- and volume average velocity definitions, the molar- and mass average velocities
are those mixture velocities that are most often used in practical reactor modeling. As the diﬀusion fluxes
are defined relative to the average velocity definition, two possible sets of velocities and diﬀusion fluxes can
be used deriving the species mass balances and continuity equation:
v =
∑n
i=1 ρivi∑n
i=1 ρi
mass average velocity (1a)
u =
∑n
i=1 civi∑n
i=1 ci
mole average velocity (1b)
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Nomenclature
Latin Letters
B permeability (m2)
c concentration (kmol/m3)
Cp heat capacity, mole basis (J/kmol/K)
Cp′ heat capacity, mass basis (J/kg/K)
Di j binary diﬀusivity (m2/s)
Dim Wilke diﬀusivity (m2/s)
DiK Knudsen diﬀusivity (m2/s)
Di,B Bosanquet diﬀusivity (m2/s)
D˜i j Maxwell–Stefan diﬀusivity (m2/s)
h heat transfer coeﬃcient (W/m2/K)
j mass diﬀusion flux, mass basis (kg/s/m2)
J mass diﬀusion flux, mole basis (kmol/s/m2)
k mass transfer coeﬃcient (m/s)
M molecular weight (kg/kmol)
n number of species
p pressure (Pa)
Q heat flux (J/m2/s)
r radial dimension (m)
R ideal gas constant (J/kmol/K)
S ′i mass source term of species i (kg/m3/s)
S i mole source term of species i (kmol/m3/s)
S˜ heat source term (J/m3/s)
t time (t)
T temperature (K)
u mole average velocity (m/s)
v mass average velocity (m/s)
vi species velocity (m/s)
x mole fraction
Greek Letters
ω mass fraction
ρ mass density (kg/m3)
 void fraction
μ dynamic viscosity (kg/m/s)
λ conductivity (W/m/K)
τ tortuosity
Subscript
b bulk
g gas
i, j indicate species type
p pellet
ref reference
Superscript
e eﬀective
s superficial
* dimensionless variable
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ji = ρi(vi − v) mass based diﬀusion flux (2a)
Ji = ci(vi − u) mole based diﬀusion flux (2b)
Moreover, formulating the fundamental momentum and energy balances for mixtures the mass average
velocity definition is always most conveniently used in accordance with the physical laws applied; Navier
Stokes and first law of thermodynamics, respectively. Using the the mass averaged definition of the diﬀusion
flux in mixture problems containing convective transport gives a mathematical model with only one velocity
definition. On the other hand, choosing the molar description of the diﬀusion fluxes the species component
balances hold the molar average velocity whereas the energy and momentum balances contain the mass
averaged velocity [1, 2]. Hence, a closed set of pellet model equations can be formulated on both mole
and mass basis. In the resent work of Solsvik and Jakobsen [1, 3] and Rout and Jakobsen [4] comparison
between the mole and mass formulated pellet equations were performed for the methanol, steam methane
reforming and DME processes, elucidating deviations between the two formulations. Further investigations
are required to reveal the reason for the deviations between the mass and mole formulated pellet equations.
Thus, in the present study, the pellet modeling framework is outlined.
2. Mathematical modeling
A mathematical framework for catalyst pellet modeling is outlined focusing on both the mole and mass
formulations. A spherical geometry is adopted for the pellet and possible structural changes within the
porous material are not considered. Moreover, symmetry is assumed in the sphere which results in one
independent spatial variable in the radial dimension. In section 2.1 diﬀerent simplifications and assumptions
are applied to the governing pellet equations, whereas section 2.2 presents closures for multicomponent
mass diﬀusion fluxes. Moreover, numerical solution strategies are discussed in section 2.3 and boundary
conditions are presented in 2.4.
2.1. The governing equations
A porous catalyst pellet can be modeled under a number of assumptions and simplifications applied to the
governing equations. Simplifications commonly adopted in chemical reactor engineering are, e.g., uniform
temperature, and constant pressure and hence no viscous flow. In most cases the temperature and pressure
gradients within the pellet are so small that the eﬀects on the reaction kinetic rates are negligible. On the
other hand, significant temperature diﬀerences may be noticed across the pellet film [1]. The viscous flow
velocity is generally so small that the convective fluxes are negligible. On the other hand, the importance of
the convective terms is related to consistent pellet model formulation.
Model Ia
With the following assumptions: (a) steady state, (b) constant pressure and no convective transport, (c)
constant concentration/density and hence constant molecular weight of the gas phase mixture (the continuity
equation is not used), and (d) constant temperature, the simplest pellet model includes balances for the
species masses only:
1
r2
∂
∂r
(r2 ji) = S ′i (mass based) (3a)
1
r2
∂
∂r
(r2Ji) = S i (mole based) (3b)
Two possible solution strategies can be adopted: (i) species mass balances for i = 1, 2, ..., n − 1 can be
solved, whereas the nth species is computed from the relations (4) and (5), or (ii) n species mass balances
can be employed without necessarily fulfilling the summation correlations (4) and (5).
n∑
i=1
xi =
n∑
i=1
ωi = 1 (4)
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n∑
i=1
ji =
n∑
i=1
Ji = 0 (5)
Model Ib
Model Ia can be extended to include an heat balance:
1
r2
∂
∂r
(r2Q) = S˜ (6)
where the heat flux can be modeled by Fourier’s law:
Q = −λ∇T (7)
Due to the inclusion of temperature variations, the ideal gas law (8) can be adopted to compute concentra-
tion/density variations within the pores of the pellet under the assumption of constant pressure:
p =
ρRT
M
= cRT (8)
Hence, the assumptions of model Ib are: (a) steady state, (b) constant pressure and no convective transport,
and (c) concentration/density changes due to temperature variations.
Model IIa
With the following assumptions: (a) transient, (b) constant pressure and no convective transport, (c) con-
stant concentration/density, and (d) constant temperature, model Ia is extended to a transient pellet model
description. The assumption of constant density can only be obtained assuming constant molecular weight
of the gas phase mixture. The species mass balances are given by:
ρ
∂ωi
∂t
+
1
r2
∂
∂r
(r2 ji) = S ′i (mass based) (9a)
c
∂xi
∂t
+
1
r2
∂
∂r
(r2Ji) = S i (mole based) (9b)
Model IIb
A transient heat balance may extend the pellet model description IIa:
(
(1 − )Cp′pρp + ρCp′g
)
∂T
∂t
+
1
r2
∂
∂r
(r2Q) = S˜ (mass basis) (10)
(
(1 − )Cp′pρp + cCpg
)
∂T
∂t
+
1
r2
∂
∂r
(r2Q) = S˜ (approximated mole basis) (11)
The ideal gas law (8) can be adopted to model the concentration/density variations that appear due to tem-
perature variations. Model IIb thus holds the following assumptions: (a) transient, (b) constant pressure and
no convective transport, and (c) variable concentration/density changes due to temperature variations.
Model IIIa
Assumptions: (a) steady state, (b) variable pressure and convective transport, (c) constant temperature, and
(d) variable concentration/density. The species mass balances are presented by:
1
r2
∂
∂r
(r2vsρωi) + 1
r2
∂
∂r
(r2 ji) = S ′i (mass based) (12a)
1
r2
∂
∂r
(r2uscxi) + 1
r2
∂
∂r
(r2Ji) = S i (mole based) (12b)
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Convective transport within the voids of the pellet take place under the presences of a pressure gradient. For
viscous flow conditions, the Darcy’s law (13) can be adopted to give the correlation between the viscous
flow velocity and the pressure gradient.
v = −
B
μ
∇p (13)
Moreover, due to the number of unknown variables, the continuity equation (14) and the ideal gas law (8)
are required in the pellet model.
1
r2
∂
∂r
(r2vsρ) = 0 (mass based) (14a)
1
r2
∂
∂r
(r2usc) =
n∑
i=1
S i (mole based) (14b)
Darcy’s law (13) is based on the mass average velocity definition. Hence, adopting the molar based pellet
model equations, the viscous velocity given by the Darcy’s law must be transformed into the molar average
velocity definition. The mass and molar averaged velocity definitions are related by:
u − v =
n∑
i=1
xi(vi − v) (15a)
v − u =
n∑
i=1
ωi(vi − u) (15b)
By using the correlations (2), (15), ωi = (xiMi)/M, ωi = ρi/ρ, and xi = ci/c, the following relations can be
used to correlate the velocity definitions in terms of the mass diﬀusion fluxes:
u − v =
n∑
i=1
jiM
Miρ
(16a)
v − u =
n∑
i=1
JiMi
Mc
(16b)
Model IIIb
Temperature variations can be included in Model IIIa by:
ρCp′gvs
∂T
∂r
+
1
r2
∂
∂r
(r2Q) = S˜ (mass based) (17a)
cCpgvs
∂T
∂r
+
1
r2
∂
∂r
(r2Q) = S˜ (mole based) (17b)
Due to the physical law applied (first law of thermodynamics) formulating the fundamental energy balance,
both the mass formulated temperature equation (17a) and the approximated mole formulated temperature
equation (17b) are presented in terms of the mass average velocity definition [2]. Hence, both the tempera-
ture equation (17) and the Darcy’s law (13) are consistent regarding the velocity definition applied in these
equations. Hence, the assumptions are (a) steady state, (b) variable pressure and convective transport, (c)
variable temperature, and (d) variable concentration/density.
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Model IVa
Assumptions: (a) transient, (b) variable pressure and convective transport, (c) constant temperature, and
(d) variable concentration/density. This model includes the species mass balances (18), continuity equation
(19), Darcy’s law (13), transformation between the velocity definitions (16), and the ideal gas law (8).

∂
∂t
(ρωi) + 1
r2
∂
∂r
(r2vsρωi) + 1
r2
∂
∂r
(r2 ji) = S ′i (mass based) (18a)

∂
∂t
(cxi) + 1
r2
∂
∂r
(r2uscxi) + 1
r2
∂
∂r
(r2Ji) = S i (mole based) (18b)

∂ρ
∂t
+
1
r2
∂
∂r
(r2vsρ) = 0 (mass based) (19a)

∂c
∂t
+
1
r2
∂
∂r
(r2usc) =
n∑
i=1
S i (mole based) (19b)
Model IVb
Model IVa can be further extended to include heat variations within the pellet:
(
(1 − )Cp′pρp + ρCp′g
)
∂T
∂t
+ ρCp′gvs
∂T
∂r
+
1
r2
∂
∂r
(r2Q) = S˜ (mass based) (20a)
(
(1 − )Cp′pρp + cCpg
)
∂T
∂t
+ cCpgvs
∂T
∂r
+
1
r2
∂
∂r
(r2Q) = S˜ (mole based) (20b)
2.2. Multicomponent mass diﬀusion fluxes
Most molecular diﬀusion problems in chemical reactor processes involve transport of multicomponent
mixtures. A number of models for multicomponent mass diﬀusion are proposed in the literature to describe
the diﬀusion fluxes: Wilke [5], Wilke–Bosanquet [6], Maxwell–Stefan [7, 8], and dusty gas [9, 10]. These
models can be formulated according to the molar average velocity definition, Eqs. (21a)–(21d) respectively,
or due to the mass average velocity definition, Eqs. (22a)–(22d) respectively [1, 2]. Moreover, the Maxwell–
Stefan and dusty gas closures are put on the Fickian form, i.e., the diﬀusive flux is expressed in terms of the
driving force ∇xi or ∇ωi.
Ji = −cDim∇xi where Dim =
1 − xi
n∑
j=1
ji
x j
D˜i j
(21a)
Ji = −cDi,B∇xi where
1
Di,B
=
1
Dim
+
1
Di,K
(21b)
Ji =
−c∇xi +
n∑
j=1
ji
J j xi
D˜i j
n∑
j=1
ji
x j
D˜i j
(21c)
Ji =
n∑
j=1
ji
J j xi
D˜i j
−
ciu
DiK − c∇xi
n∑
j=1
ji
x j
D˜i j
+ 1DiK
(21d)
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ji = −ρD′im∇ωi where D′im =
1 − ωi
M
n∑
j=1
ji
ω j
Mj D˜i j
(22a)
ji = −ρD′i,B∇ωi where
1
D′i,B
=
1
D′im
+
1
Di,K
(22b)
ji =
−ρωi∇ln(M) − ρ∇ωi + Mωi
n∑
j=1
ji
j j
Mj D˜i j
M
n∑
j=1
ji
ω j
Mj D˜i j
(22c)
ji =
M2
n∑
j=1
ji
ωij j
MjD˜i j
−
vρi M
DiK − ρ(ωi∇M + M∇ωi)
M2
n∑
j=1
ji
ω j
MjD˜i j
+ MDiK
(22d)
The Wilke and Wilke–Bosanquet models do not necessarily conserve mass. Hence, Eqs. (4) and (5) do not
always tend to be satisfied. Assuming mono-disperse pore size distribution within the pellet, the eﬀective
diﬀusivities can be expressed by [11]:
De =

τ
D (23a)
or
De = 2D (23b)
A bi-disperse pore size distribution suggest the following eﬀective diﬀusivity [11]:
De = D121 +
22 (1 + 1)
1 − 1
D2 (24)
2.3. Numerical solution
Because symmetry is assumed in the sphere, the pellet models described in section 2.1 hold one inde-
pendent spatial variable in the radial dimension. The finite diﬀerence and orthogonal collocation methods
are frequently adopted in chemical reactor engineering discretizing the functions depending on the radial
variable.
Dimensionless variables are introduced to scale the dependent variables; and moreover, the pellet model
equations are rearranged to obtain non-dimensionalized model equations. It is convenient to scale the de-
pendent variables and equations in order to detect insignificant terms in the model equations. Moreover,
scaling of the coeﬃcient matrix may be favorable for the mathematical operations solving the discretized
pellet model equations. The following dimensionless variables are obtained based on reference values:
r∗ =
r
rp
u∗ =
u
uref
v∗ =
v
vref
uref =
Dref
rp
vref =
Dref
rp
ρ∗ =
ρ
ρb
c∗ =
c
cb
j∗i =
ji
Drefρb
rp
J∗i =
Ji
Drefcb
rp
p∗ =
p
pb
Q∗ = Qrp
λTb
T ∗ =
T
Tb
t∗ =
t
r2p
Dref
M∗ =
M
Mb
(25)
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In order to avoid diﬀerentiating the multicomponent mass diﬀusion flux expressions, the species balances
and the diﬀusion flux expressions are conveniently solved as a system of first order diﬀerential equations.
However, the boundary conditions must be consistent with the characteristics of the diﬀerential equations.
2.4. Boundary conditions
According to the film theory, the heat and mass transfer between the bulk phase and the pellet surface
is assumed to occur through a thin film next to pellet surface. Hence, the boundary conditions can consider
(i) the heat and mass transfer through the film to be negligible (Dirichlet boundary conditions), or (ii) the
process is significantly aﬀected by heat and mass transfer through the film (Robin type boundary condition).
The Dirichlet boundary conditions are presented by:
ω = ωb (26a)
x = xb (26b)
ρ = ρb (27a)
c = cb (27b)
T = Tb (28)
For heat and mass transfer limitations across the bulk–pellet film, the following boundary conditions are
suggested:
−ki(ci,b − xic) = Ji + uscxi (29a)
−ki(ρi,b − ωiρ) = ji + vsρωi (29b)
Q + cCpgTv = −h(Tb − T ) (30a)
Q + ρCpgTv = −h(Tb − T ) (30b)
At the symmetry point of the pellet, fluxes and velocities are assumed zero:
ji = Ji = 0 (31a)
u = v = 0 (31b)
Q = 0 (31c)
For the pellet model equations where the continuity equation is included, a inconsistence may arise using the
boundary condition (27) in combination with the boundary conditions (29) for the species balances, because
summarizing (29) for all species, i.e. i = 1, 2, ..., n, the left hand side is not necessarily consistent with (27).
3. Concluding Remarks
In recent literature, deviations are noticed between simulation results of mole and mass formulated pellet
models. As identical results are expected, further detailed studies are necessary to reveal the reason for this
deviation. In this work, the pellet modeling framework is outlined.
If a detailed simulation of a catalyst pellet is of interest, several modeling assumptions may aﬀect the
simulation results. The governing pellet equations may be simplified neglecting the transient evolution
of the process and omitting convective transport assuming that diﬀusive transport prevails. Moreover, the
heat balance may be left out if temperature variations are assumed to be insignificant. In addition, several
closures exist for the mass diﬀusion fluxes; Maxwell–Stefan, dusty gas, Wilke and Bosanquet, that may give
diﬀerent simulation results of the mass transport behavior within the pellet. The mass diﬀusion fluxes are
defined according to the mass or molar average velocity definitions, hence two set of diﬀusion fluxes can be
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used deriving the species mass balances and continuity equation. On the other hand, the heat and momentum
(Darcy’s law) equations are conveniently presented in terms of the mass average velocity definition due to
the physical laws applied deriving these equations. Thus, if convective transport is included in the pellet
model equations, consistent use of the velocity definitions is required to obtain a consistent closed set of
pellet model equations. Initial and boundary conditions, as well as the numerical solution algorithm, may
influence on the simulation results.
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